
 

 

 HANDOUT 2: MATHEMATICAL BASICS 

 

In the previous handout we saw that in addition to denoting individuals in the actual world, words 

can stand for more abstract entities like sets, properties of sets and relations between sets. We also 

embraced the position that sentences denote propositions, which we agreed to construe as sets of 

possible situations. In short, we arrived at the position that meanings are set theoretic entities. 

Although we will not use a great deal of math in this course, the view we’ve adopted necessitates 

that we become familiar with some of the basic concepts of set theory. Moving forward we will 

also need to know something about relations and functions. Our discussion of these topics will 

closely follow Chapters 1 and 2 of Partee, ter Mullen and Wall’s book Mathematical Methods in 

Linguistics. The text of this handout only outlines these chapters. You should take careful notes on 

our in-class discussion and the chapters themselves.  

 

Set Theory Basics 

What is a set? 

A set is an abstract collection of distinct objects which are called members of a set. 

 

Some Special Kinds of Sets 

Singleton sets                                                                                      

The null (or empty) set, ∅                   

 

Basic Notation 

A, B, C are sets 

a,b,c or x, y,z are members 

 

𝑏 ∈ 𝐴 is read as  ‘b is a member of A’ 

𝑏 ∉ 𝐴 is read as  ‘b is not a member of A’ 

 

The Specification of Sets 

List notation 

{The Amazon River, George Washington, 3} 

{The Amazon River, ‘George Washington’, 3} 

 

 

Note: the sets above are different because George Washing ≠ ‘George Washington’ 

Note: there is no order imposed on sets {a, b, c} = {b, c, a} 

 



 

Predicate Notation 

{x | x is an even number greater than 3} 

{x | x is evenly divisible by 2 and greater than or equal to 4} 

{x | x is a book and Mary owns x}  

.  

Note: we have to be somewhat careful about the properties that we choose. See the section of this 

handout on Russell’s Paradox. 

 

Recursive Rules 

a) 4 ∈ 𝐸 

b) If 𝑥 ∈ 𝐸, then 𝑥 + 2 ∈ 𝐸 

c) Nothing else belongs to 𝐸 

 

Set Theoretic Identity and Cardinality 

Identity 

We use ‘=’ to stipulate the name of a set or to assert that two previously specified sets are identical.  

Cardinality 

The number of members in a set A is called the cardinality of A, and is written |A|. 

 

Subsets 

When every member of a set A is also a member of a set B we call A a subset of B. This is written 

as 𝐴 ⊆ 𝐵.  

Notice that by this definition B may contain others member besides those of A, but does not need 

to. Therefore any set is a subset of itself. 

If we want to exclude the case of a set being a subset of itself, the notion is called proper subset, 

and is written  𝐴 ⊂ 𝐵. 

 

By our definition, ∅ ⊆ 𝐴 for every A. 

 

Note, however that although ∅ ⊆ {𝑎}, {∅}  ⊈ {𝑎} 

 

Note: when first learning these concepts it is easy to confuse being a member of with being a subset 

of. Be careful. 

 



 

Power Sets 

The power set of A, written℘(A), is the set whose member are all the subsets of A. 

If 𝐴 = {𝑎, 𝑏} 

then ℘(A) is {{𝑎}, {𝑏}, {𝑎, 𝑏}, ∅ } 

The name ‘power set’ comes from the fact that if the cardinality of A is some natural number n, 

then ℘(A) has cardinality 2n. 

 

Union and Intersection 

The union of two sets A and B, written 𝐴 ∪ 𝐵, is the set whose members are just the objects which 

are members of A or B or both.  

 

The intersection of two sets A and B, written 𝐴 ∩ 𝐵, is the set whose members are  just the objects 

which are members of both A and B. 

 

Difference and Complement 

The difference of two sets A and B, written A – B, is the set whose members are members of A and 

not members of B. Don’t confuse this with the complement of set A, written A’, which is the set 

consisting of everything not in A. 

 

Challenge 

Can you write definitions for the following in predicate notation? 

                                                                                                                                                                                                   

1. A’  ≝ 

 

2. A – B   ≝ 

 

3. 𝐴 ∪ 𝐵  ≝ 

 

4. 𝐴 ∩ 𝐵  ≝                                                                             Answers                                             

                                                                                                                                                                                                                                                              



 

Russell’s Paradox 

We will almost always use the predicate notation for specifying sets in what we do. Earlier we noted 

that we will have to be somewhat careful about the properties that we choose when defining sets. 

Russell’s Paradox is the reason why. Let’s start with a puzzle that illustrates Russell’s Paradox, and 

then make a connection to our semantic concerns.  

 

The Barber Puzzle: 

Imagine a town that has just one barber. The barber in this town is a man.  Now in this town, 

every man keeps himself clean-shaven; he does so by doing exactly one of two things: 

1. Shaving himself, or  

2. Having the barber shave him 

 

So we can say: 

In this town, the barber shaves everyone who does not shave himself, but no one else. That 

is, the barber shaves all the men who don’t shave themselves and only the men who don’t 

shave themselves. 

 

Now here’s the question that gets us into trouble. 

Who shaves the barber?  

 

The question results in a paradox because, according to the statement above, he can either be 

shaven by: 

1. himself, or  

2. the barber (which happens to be himself).  

However, there is something wrong with both possibilities. Remember, in this town the bar shaves 

everyone who shaves himself, but no one else.  

• If the barber does shave himself, then the barber (himself) must not shave himself.  

(Note: the barber only shaves men who do not shave themselves) 

• If the barber does not shave himself, then he (the barber) must shave himself.  

(Note: the barber shaves all the men who don’t shave themselves.) 

Make sure that you understand that this is a paradox. 



 

The Paradox …Again 

Now (re-)consider the  more mathematical illustration of Russell’s Paradox given in Partee, ter 

Mulen and Wall. This is (essentially) what it says: 

Define  U  as the set of all sets that are not members of themselves. If U qualifies as a member of 

itself, it would contradict its own definition as a set containing all sets that are not members of 

themselves. On the other hand, if such a set is not a member of itself, it would qualify as a 

member of itself by the same definition. This contradiction is Russell's paradox. Symbolically: 

                             Let 𝑈 = {𝑥|𝑥 ∉ 𝑥}, then  𝑈 ∈ 𝑈 ⟺ 𝑈 ∉ 𝑈 

The ⟺ above means “if and only if”. 

Note: There are ways to avoid Russell’s paradox, notably Russell’s type theory. Type theory is 

typically used in formal semantics. 

Connection to class 

So why do we care? 

Recall that in Handout 1 we said that in addition to individuals, words can denote sets, properties 

of sets, and relations between sets. We also saw that set theory will play an important role for us 

in explaining the compositionality of language. As we build our semantics, we want to avoid 

inconsistencies, paradoxes, and other types of trouble.                                                                

Relations and Functions 

Relations and functions are will also be important to us as we move forward. We’ll go over the 

basics here. More detailed exposition of these ideas are in chapter 2 of Partee, ter Mullen and Wall. 

 

Ordered pairs  

Recall that is no order imposed on the members of a set.  We can, however, use ordinary sets to 

define ordered pairs. 

 

<a, b>  ≝ {{𝑎}, {𝑎, 𝑏}} 

 

The first member of <a, b> is taken to be the element that occurs in a singleton {a}, and the 

second member is the one which is a member of the other set {a, b}. 

 

Note: <a,b> ≠ <b, a> 



 

 

The above definition can be extended to ordered triples (<a, b, c> ≝ < <a,b>, c>) and ordered n-

tuples for any natural number n. In this course, however, we’ll only need to worry about ordered 

pairs. 

 

Cartesian products 

 
If we have two sets A and B, we can form ordered pairs from them by takin an element of A as the 

first member and an element of B as the second member. The Cartesian product of A and B (AxB) 

is the set consisting of all such pairs. 

 

 

𝐴𝑥𝐵 ≝  {< 𝑥, 𝑦 >|𝑥 ∈ 𝐴 𝑎𝑛𝑑 𝑦 ∈ 𝐵} 

 

                             

 

 

 

 

 

 

 

 

Note: if either A or B = ∅, then AxB = ∅ 

 

Given a set M of ordered pairs, the smallest A and be B such that M ⊆ A 𝑥 B can be found by 

taking A = {𝑎| < 𝑎, 𝑏 > ∈ 𝑀 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑏} and B = {𝑏| < 𝑎, 𝑏 > ∈ 𝑀 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑎}. A and B are 

called the projections of M onto the first and the second coordinates, respectively. Therefore if M 

={<1,1>,<1,2>,<3,2>}, then the set {1,3} is the projection on to the first coordinate, and {1,2} is 

the projection onto the second coordinate. Thus, {1,3}x{1,2} is the smallest Cartesian product of 

which M is a subset. 

 

 

Relations 
 

Objects in a set may be related to object in the same or another set. We write Rab or equivalently 

aRb if the relation R holds between objects a and b.  

 

Relation from A to B:     𝑅 ⊆ 𝐴 𝑥 𝐵 

Relation in A:                   𝑅 ⊆ 𝐴 𝑥 𝐴 

 

 

 

Example: Let K ={a, b, c} and L = {1,2} 

 

K x L =  {<a,1>,<a,2>,<b,1>,<b,2>,<c,1>,<c,2>} 

L x K =  {<1,a>,<2,a>,<1,b>,<2,b>,<1,c>,<2,c>} 

            L x L   =   {<1,1>,<1,2>,<2,1>,<2,2>} 

 



 

The projection of R onto the first coordinate is called the domain of R. 

The projection of R onto the second coordinate is called the range of R. 

 

Let’s look at an example of how this set theoretic reduction works: 

 

The ‘loves’ relation defined on the set H of all human beings would be a set of ordered pairs in 

H x H such that in each pair the first member loves the second member. So our relation is 

{< 𝑎, 𝑏 >| 𝑎 𝑙𝑜𝑣𝑒𝑠 𝑏}. Make sure that you understand this as it will be very important to us when 

we discuss the meaning of transitive verbs like love, eat, and hit. These verbs denote binary 

relations.  

 

Other definitions to know: 

 

Given a relation 𝑅 ⊆ 𝐴 𝑥 𝐵. 

 

       The inverse of R, R-1, has as its members all the ordered pairs in R, with their first and second  

        elements reversed.  If R = {<3,2>,<3,1>,<2,1>}, then R-1 = {<2,3>,<1,3>,<1,2>}.  

 

       The complement of R, R’, is set theoretically defined as follows: R’  ≝ (𝐴𝑥𝐵) − 𝑅 

 

Functions 

 
In set theoretic terms, a function is a special kind of relation. A relation R from A to B is a 

function if and only if it meets both of the following conditions: 

 

1. Each element in the domain is paired with just one element in the range. 

2. The domain of R is equal to A. 

 

This amounts to saying that a subset of a Cartesian product Ax B can be called a function just in 

case every member of A occurs exactly once a a first coordinate in the ordered pairs of a set. 

 

Consider sets A = {a, b, c} and B = {1, 2, 3, 4}. The following relations from A to B are 

functions: 

 

P    =   {<a,1>, <b,2>,<c,3>} 

Q   =  {<a,3>, <b,4>, <c,1>} 

R   =  {<a,3>,<b,2>,<c,2>} 

 

 

 

 



 

The following relations from A to B are not functions: 

 

S   =   {<a,1>, <b,2>}   fails to meet condition 2 – {a,b} ≠ A. 

T   =  {<a,2>, <b,3>, <a,3>, <c,1>}  does not meet condition 1 – a is paired with 2 and 3. 

V   =  {<a,2>,<a,3>,<b,4>}   violates both conditions. 

 

 

The above is a static view of functions. We are treating functions as sets. ‘Transformation’, ‘map’, 

‘mapping’, and correspondence are commonly used synonyms for ‘function’ that, in contrast, give 

functions the appearance of active processes. We often talk of a function “taking” an argument 

and “returning” a value, so statements like ‘F(a) = 2’ are often read as ‘F takes a and returns 2’ or 

‘F maps a into 2’. This way of talking underscores the dynamic view of functions. It is important 

that you feel comfortable going back and forth between these to ways of thinking about functions, 

the static/set theoretic, and the dynamic/process view. We’ll be making use of both, choosing 

which we use mainly based on which makes it easiest for us to manipulate things, and there may 

come a time when the dynamic view is necessary to achieve our goals. 

 

Back to building our semantics 
 

You should now have a better understanding of  how the formalism captures the simple case of 

meaning composition that we saw in Handout 1. 

 

A simple case of meaning composition  

 

Recall,  

For any expression  , [[    ]] is the denotation of   

S  is the assumed universe of possible situations.  

For all sets A and B we have: 

A B = { x : x  A or x  B } (set union) 

A  B = {x : x  A and x  B } (set intersection) 

 

Now, 

 

[[  [There is a cat in my bed ] or [ there is a mouse on my plate ]  ]]  = 

[[ There is a cat in my bed  ]]     [[  there is a mouse on my plate  ]] 

 

[[  [There is a cat in my bed ] and [ there is a mouse on my plate ]  ]]  = 

[[  There is a cat in my bed  ]]    [[  there is a mouse on my plate  ]] 

 


